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Contact Force Analysis and Measurement in 
 


































Multiple point constraints are used to simulate displacements and stresses in the 
contact region of finite element analyses of holders and fixtures used in an automatic 
grinding or polishing system.  Three contact cases are treated1. contact with no slip, 
2. sliding contact with friction, and 3. sliding contact with no friction.  
 
Displacements and stresses conditions for each case are converted into multiple 
point constraints.  Lagrange Multiplier technique are used to impose multiple point 
constraints on equilibrium equations [K]{D}={F}.  How constraint conditions are 
imposed are illustrated by three cases1.normal and/or tangential displacements are 
equal (u1=u2,v1=v2), 2.normal stresses are equal(qq), and 3.shear stresses and 
normal stresses are related by Coulomb’s law of friction (z{q). 
 
 A finite element program using eight node quadrilateral elements and 33 
Gaussian rule have been developed to verify results.  Nodal stresses are obtained by 
extrapolation of stresses at Gaussian points. Two examples of two cylinders in contact 
are given. Results for Hertzian contact with no friction gives satisfactory results.  
But results for frictional contact between two dissimilar cylinders show obvious 
disagreements with analytical results.  
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idjklmnopqrs(multiple point constraintstmpc)uvw
(xyz{su|}~*& !< 




(quadratic shape functions)|} ¡¢ !<Papadopoulos and Taylor 
(1993)£o¤¥¦§¨¥©ªu«"A|} !<






    u©=>djÆÇÈ¡É"Êc(Nonlinear Variational Principles)ËÌ
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P[N](shape function matrix)ê 
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1 2 3 4 5 6 7 8
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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2.ïñ?ÉÕê(strain-displacement relations) 
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==   ;                     ( 5 ) 
» Jacobian matrix 
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à(6)ê±(5)êªà±(4)êÍ(7)ê 
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à(1)ê±(7)êÍ 
8 { } [ ][ ][ ]{ }ε = −J L N d1                           ( 9 )   
» 








=                             ( 1 0 ) 
VÍë?É%gpïñÕê 
          { } [ ]{ }ε = B d                                 (1 1 ) 
3.?@?ÉÕê(stresses and strains relationship) 
idjd !äÉ-."A"#ïñ (large 
displacement)½#É(large strain)$"uíî%dj(0Liu, 
etc., 1995)<  
    ~ !P?@?ÉÕê0: 
 { } [ ]{ }σ ε= E                                    (1 2 ) 
 &E¨¥?É(plane strain)-.
 




























E             ( 1 3 ) 
P E'êÕ()*+à(16)ê±(14)êÍ 
















































    ¢,¶PY$-@y$@oGH¨é$Ü
ïñOQRSTOÝST¨éNÐê 
9    [k]{d}= {f}                                     (1 5) 
P{f}ST.ëgp@[k]ST/0(element stiffness matrix):
ê¯ 






∫=                         ( 16 ) 
P Vi ST i 1ß/0FM2o31"O(Gaussian 
quadrature)4 s-tP5ê0 










),(),(),(         ( 1 7 ) 
P J x-y6Å" s-t9 Jacobian ),(
ii
ts  s-t
3p(Gaussian points)  n3pk8gpSTno 2
72¶ 37331"89 n=4¶ n=9< 
:è	ST/0[k]%gp@{f}¯9à(assemble)
/0(structural stiffness matrix)%gp@;ò(structural nodal 
force vector)<4¨éNÐê0 
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QRSTÐê<  
YÎ£oQRSTO"A¢9_`à¢u:STa




























gp k ëk9(0ý 3)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ý 4 (#äU- 
3.1.2   
:+	¢	gp9?­	R®s 
1. +¢p;ïñ(normal displacements)GH8< 
2. *&9;?@(normal stresses)GH8< 
3. *&9?@%;?@H@A¾¿ÀÁ»Â< 
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  ;    ;  ττµστµστ ===
=
             ( 2 0 a ~ 2 0 d ) 
Pµ¾¿ÀÁÕ< 
-. 3---*&ZÀÁ 
   =9s 
  
yyxy
vv 21yy21xy21   ;  0  ;  σσττ ====               ( 2 1 a ~ 2 1 d ) 
u©=>-.89Qïñ%?@sPïñsu£oQRST
P pqrs¡(multiple point constraint)¢^þ­£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=                                        ( 22 ) 
7à(14)ê?@s6Ågpïñ{d}R®s<Þß(19c)%(20d)ê
?@s¨o=,Nê6ÅgpïñR®s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3.1.3   
14
ïñQRSTOei¨éNÐêê 
[ ]{ } { }FDK
nnnn 11 ×××





 [ ]{ } { }QDC
mnnm 11 ×××









ï^±uZ²»ê(Cook, 1989, pp.275-278) 
 { } [ ]{ } { } { } { } [ ]{ } { }( )QDCFDDKD TTT −+−= λπ
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 [ ]{ } { }
1321323232 ×××
= FDK                                    (2 7 ) 
 
    u¨K,-.­R®s-< 
1. p;¶º¡ïñò³(u1=u2v1=v2) 
ý 5PQpÄu(27)ê?­	ïñ















































































































































&EST n¿ j	gpST m¿ k	gpST n¿ j	gp
?@¿(14)ê¯Í89 




=σ                       ( 2 9 ) 
P rj% sj jgp[B]0¿(10)ê»<^=,NOFM
gp?@«HÒÀ?@VÀïð31"p(Barlow, 1976, 
Hinton and Campbell, 1974)ÞßFM?@9à3p?@Á
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srN σσ                         ( 3 0 ) 
P
iyy
)(σ ¿ i 	3p?@ NiÁ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(Cook, 1989, pp.176-180)<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dBE=)(σ                          ( 3 1 ) 
à(31)ê±(30)êÍST n¿ jgp?@0 












),(σ                ( 3 2 ) 
ST m¿ k	p yN;?@ 
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3.2  
    c !_`HBC;QÊÆÐê(source codes)QRSTÐ
êidjíî(Hinton1977)ÐêªàÐêP­ !R®s
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ý 8 ÙÚÛÜp.@ý 
ÊÆÐêcYÎQRST !9¤Òö
COSMOS\MÐê:ß0¤< 
 Bpïñ àb 
ïñàbÝÞ« 
á"+ 
|A| -0.297619  
CONTACTÐê  -0.296717 0.303072% 
COSMOS\M  -0.29672 0.302064% 
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 =²¿,-.­j©p R®s(ý 10) 
  hvv
kj
=−                                       ( 41 ) 
kyyjyy
)()( σσ =                                    (4 2) 
  
kxyjxy
)()( ττ =                                    ( 43 ) 
% 
  0)( =
kxy
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P vj% vk¤gp j%gp kyN;©ïñh+gp.@$
õö(ý 10)< 
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(xygp y?³¤ 2Ðêo[=s< 
 
gpOP 208-19 223-34 242-53 255-66 271-82 279-90 
©gp y 20.0 20.002583 20.010336 20.023271 20.041408 20.064776 
©gp yïñ -0.427229 -0.429812 -0.437565 -0.4505 -0.468637 -0.492005 




iÐêP·XP@ F/2=119575kgß@# Hertz  !FM
ö F/2=115550kg<ý 13kÒ(xyKgp?@ýPuÊ




    ý 14o@(xK0 a+HßýX«|8èé|È








































ý 14 K0o@Õý 
4.2  
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*&((slipped region)²-. 2Þß­s0(20)ê< 
 
Spence "A|ìÜýbL0(xL0X 0.7 -.&Eß
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